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Abstract. Let Q be a Dynkin quiver and II the corresponding set of positive roots. For 
the preprojective algebra A associated to Q we produce a rigid A-module Iq with r = 
II| pairwise non-isomorphic indecomposable direct summands by pushing the injective 
modules of the Auslander algebra of kQ to A. 

If N is a maximal unipotent subgroup of a complex simply connected simple Lie group 
of type \Q\, then the coordinate ring C[N] is an upper cluster algebra. We show that the 
elements of the dual semicanonical basis which correspond to the indecomposable direct 
summands of Iq coincide with certain generalized minors which form an initial cluster for 
C[iV], and that the corresponding exchange matrix of this cluster can be read from the 
Gabriel quiver of EndA(Icj). 

Finally, we exploit the fact that the categories of injective modules over A and over its 
covering A are triangulated in order to show several interesting identities in the respective 
stable module categories. 



Introduction 

Let k be a field and Q be a Dynkin quiver. So the underlying graph \Q\ of Q is a simply 
laced Dynkin diagram. We produce for the preprojective algebra A over k associated to Q a 
module Iq by pushing a minimal injective cogenerator over the Auslander algebra Tq of kQ 
to A -mod. It is easy to see that Iq decomposes into r = pairwise non-isomorphic direct 
summands. We show that Iq is a rigid module module, i.e. Ext A (iQ,lQ) = 0. Moreover, 
the Gabriel quiver Aq of EndA(lQ) op is obtained from the Auslander- Reiten quiver Aq of 
\.Q by inserting an extra arrow x — > rx for each non-projective vertex x. 

In [20] we have shown that if M = ©£L 1 Mj for pairwise non-isomorphic indecomposable 
A-modules Mj, then Ext A (M, M) = implies m < r. So our result shows that this 
maximum is assumed for each Dynkin quiver. By [17, Theorem 2.2] we conclude that Iq 
is a maximal 1-orthogonal A-module and thus EndA(lQ) is a higher Auslander algebra in 
the sense of Iyama [23]. It follows that each rigid module M as above can be completed 
to a rigid module with r pairwise non-isomorphic indecomposable direct summands. Note, 
that for the proof of the main result of [17] it is essential that the quiver Aq has no loops. 

Let now G be a complex simply connected simple Lie group of type |Q| with N C G 
a maximal unipotent subgroup. Choose i = . . . , i r ) a reduced expression for the 

longest element u>o of the Weyl group W of G. It follows from [4] that the coordi- 
nate ring C[N] is an (upper) cluster algebra. Associated to i one obtains an initial seed 
(A(j, i)j = i 2 r> -^(i)')) where the A(j, i)' are certain generalized minors, and the exchange 
matrix B(i)' is obtained naturally from the quiver Aq described above. 

Next, i provides us with a convenient labelling of the indecomposable direct summands 
of Iq, that is, Iq = ®^ =1 1(j, i). Clearly the I(j, i) are rigid. Thus, if we restrict to the 
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special case k = C the A-modules I(j, i) serve as natural labels for elements of the 

dual of Lusztig's semicanonical basis. This is a natural basis for C[N] and we show that 
p m) = A(j,i)'. 

1. Main results 

1.1. We say that a quiver Q is a Dynkin quiver if its underlying graph \Q\ is a Dynkin 
diagram of type A, D, E. For a field k we consider the path category k[Q] (or kQ for short). 
The category kQ-mod of finitely presented k- functors M: kQ — > k-mod is equivalent to 
the category of finitely presented left modules over the corresponding path algebra which 
we denote by some abuse also by kQ. 

For a quiver Q we consider the double Q which is obtained from Q by adding a new 

arrow i A- j for each arrow i —> j in Q. The preprojective algebra A is the quotient of the 
path algebra kQ by the ideal generated by the elements 

Pq = ^2 a * a ~ aa * ^ or ^ G 

aeQi aeQi 
t(a)=q h(a)=q 

see also 2.1. 

In what follows, Q will always be a connected Dynkin quiver. This implies that A is a 
finite-dimensional selfinjective algebra, which depends only on |Q|. Like kQ, the algebra 
A can also be considered k-category. 

We have the universal covering F: A — > A where A is the path category k[ZQ] modulo 
the usual mesh relations. The fundamental group Z of A acts on A via the translation r. 
Associated to F we have the push-down functor F\ : A -mod — > A -mod, see 2.3. 

In ZQ we find the Auslander-Reiten quiver Aq of kQ as a full convex subquiver. The 
Auslander category Tq is the full subcategory of A which has the vertices of Aq as objects. 
Denote the inclusion of Tq into A by J. There is a natural equivalence Rq from Tq to the 
category of indecomposable kQ-modules, kQ-ind. We say that an object x € Obj(r<2) is 
projective if tx Obj(rg), dually x is injective if t~ 1 x £ Obj(rg), see 2.4. 

Associated to Tq we consider the No-graded category Tq. It has the same objects as Tq 
but the morphisms of degree i are given by TQ t i(x,y) = TQ(T l x,y) if t % x G Obj(rg). We 
equip Tq with the natural composition. The Gabriel quiver Aq of Tq is obtained from Aq 
by inserting an additional (degree 1) arrow x — > tx for each non-projective x £ Obj(rQ), 
see 3.3. 

1.2. Start modules. Let us write D for the usual duality Homi ! (- ,k). We denote by 
J' the functor which considers a T^-module (trivially) as a A-module. Thus if apply the 
functor F\J' to the injective T^-module DTq{— ,x) we obtain a A-module. We call 

Iq:= F A J-(Dr (- z)). 

x&Ob]{T Q ) 

the start module for A associated to Q. Note that F\J'(DTq(— ,x)) is isomorphic to a 
submodule of _F\ J'(DFq(— , r _1 x)) if x G Obj(rQ) is not injective, and F\J' (DTq(—, x)) 
is an injective A-module if x £ Obj(rg) is injective, see 2.4 and 3.1. 

Consider £ = ©x^gobKr^rQ^, y) as a (graded) associative k-algebra with multiplica- 
tion induced from the composition of morphisms. 

Theorem 1. Let A be the preprojective algebra associated to a Dynkin quiver Q. Then £ 
is isomorphic to EndA(lQ) op . In particular, the Gabriel quiver o/ EndA(I<2) op is identified 
with Aq as described above in 1.1. Moreover 1q is rigid in the sense that Ext A (lQ, Iq) = 0. 
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The proof of this result is prepared in 3.4, 3.5, 3.6 and finished in 3.7. 

1.3. Reduced expressions. Let it: Obj(r<g) — > Qq denote the map induced by the com- 
position FJ. We call a total ordering x(l) < x(2) < . . . < x(r) of the objects of Tq adapted 
(to Q) if Tq(x(i), x(j)) = for i < j. It is easy to find such orderings given that the quiver 
Aq is directed. 

We call a vertex i G Qo a source in Q if no arrow ends at i. In this case we denote by 
Si(Q) the quiver which is obtained from Q by reversing each arrow starting in i. 

Let i = (ii,i2, ■ ■ ■ ,i r ) be a reduced expression for the longest element wq G W, that is 
= s^s^ ■ ■ ■ Si r where r = |II|. We say that i is adapted to Q if i\ is a source in Q and 
ik+i is a source in Sj fc ■ ■ ■ Sj 1 (Q) if 1 < k < r. This is dual to the original definition in [28]. 

If x(l) < • • • < x(r) is an adapted ordering then i := (tt(x(1)), . . . , ir(x(r))) is a reduced 
expression for the longest element wo of the Weyl group W associated to \Q\, see 1.4 below. 
In fact, the adapted orderings of Obj(rg) correspond in this way bijectively to the reduced 
expressions for wo which are adapted to Q, see [3, Theorem 2.5]. We set 

I(j, i) := F\J' DT q{ — , x(j)) for 1 < j < r. 

Thus, i provides us with a convenient way of labelling the direct summands of Iq. 

1.4. Let now g be a complex simple Lie algebra of type \Q\ with the usual Serre generators 
ej, hi, fi for i <G Qo. Thus the hi form a basis of the abelian subalgebra f) and the ej resp. /j 
generate maximal nilpotent subalgebras n resp. n_. The simple roots on form a basis of 
the dual space f)* such that ctiihj) = aij where (ajj)«j'GQo ^ s ^ ne Cartan matrix of \Q\. 
The fundamental weights (zui)i e Q are the basis of f)* dual to the basis {hi)i & Q Q of f). 

The Weyl group W is the subgroup of GL(f)*) which is generated by the reflections Sj 
for i £ Qo such that 

Si (a) = a — a(/ij) • aj for a € f)*. 

This is a finite reflection group. 

Let now G be a complex simply connected simple algebraic group with Lie(G) = q. It has 
maximal unipotent subgroups N resp. iV_ with Lie(iV) = n resp. Lie(iV_) = n_, and the 
maximal torus H has Lie(H) = f). Moreover, we have standard embeddings <pi\ SL2 — > G 
such that 

exp(i/j) = </?i( J 5 ) and exp(tei) = ^(J f) for i € Qo- 

Moreover set 

f]i(t) := * ) € for i G Q and t G C*. 

Next, recall that Nq{H)/H is canonically isomorphic to the Weyl group W defined above. 
In fact, it is possible to choose representatives w G Nq(H) for the elements w G W such 
that 

s"i = exp(/i) exp(-ej) exp(/j), 
uv = uw if l{uv) = l(u) + l(v). 

We identify the weight lattice P = ©i<=Q Zzz7j with the group of multiplicative characters 
of H in such a way that rji(t) ZUj = for i,j G Qo- If we write ? A for the character of H 
corresponding to the weight A it follows that 

h w ^ = (w^hw)* for h G H, A G P, w G W. 
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1.5. Cluster algebras. The coordinate ring of the affine base space C[iV_\G] consists of 
the functions / £ C[G] which are invariant under AT_, i.e. f(g) = f(ng) for all g G G and 
n G iV_. Now C[-/V_\Cr] is naturally a G-module via gf(x) = f(xg) for g,x G G. It is 
well-known that each irreducible highest weight G- module L(\) can be realized as a direct 
summand of C[AT_\G] by taking 

L(A) = {/ G C[N_\G] | f(hg) = h x f(g) for h G H,g G G}. 

For each L(A) we choose a highest weight vector ua which we normalize by the condition 
u\(1g) = 1- Following [5] we define for each fundamental weight Wi generalized minors 

A mMm) := w-u^^ L(wi) 
for any w G W. In [4] it is shown in particular that the coordinate ring of the double 
Bruhat cell G e ' w ° = B n {B-WqB ) has the structure of an (upper) cluster algebra. Here, 
B and B_ are opposite Borel subgroups of G with B D N and B_ D iV_. 

For a reduced expression i = 12, ■ ■ ■ , i r ) for wo which is adapted to Q and k G 
[—n, -1] U [l,r] we set v >k := Sj r s ir _ 1 • • • s ik+1 if A; > 1 and v >k := w if k < -1. Then, 
following [4] set 

A(fc,i) == A ^ k ,v >k (^ k ) 
where we take i k = —k for k G [— n, —1]. The A(/c, i) for k G [— n, —1] U [1, r] form an initial 
cluster for C[G e ' w °]. There is also an easy algorithm to calculate from i the corresponding 
exchange matrix. Now set 

e(i) := {i G [l,r] | x(i) G Obj(Fg) non-projective}. 

There is a closely related upper cluster algebra structure on the coordinate ring C[iV], 
whose initial cluster is given by the restrictions to N of the functions A(k, i) with k G 
[— n, — 1] U e(i) (see 4.4). The quiver associated to the corresponding exchange matrix is 
obtained from Aq by removing the arrows between injective vertices. See Section 4 for a 
more detailed discussion. 

1.6. Semicanonical basis. In [29] Lusztig introduces the semicanonical basis of the en- 
veloping algebra U(n). Its elements are labelled naturally by the irreducible components 
of the preprojective varieties A v for v G N^°. In [19] we started the study of the dual 
semicanonical basis which can be regarded as a basis of C[iV]. In particular, we found that 
to (the isoclass of) a rigid A-module M there corresponds naturally an element pu of this 
basis. If we set 



[l,r] -► [-n,-l]Ue(i),; 



-i if Rq(x(j)) =DkQ(-,i), 
k if r _1 x(j) = x(k), 



we can state our second main result precisely: 

Theorem 2. For j G [l,r] we have A(j, i)' := A(^(j),i) = Pi^n- 

The proof of this result is done after some preparation in Section 5. 

1.7. Dualities. Denote by ?* the involution on Q with ono* and a* i— > a for all a G Qi. 
This induces an anti-automorphism of A which we also denote by ?*. Thus we have a 
self-duality 

S: A-mod < — ► A-mod with SM(1) = DM(V). 
Let us define for a reduced expression i = . . . , i r ) for u>o which is adapted to Q 

r 

P(j,i) :=F x JT Q (x(j),-) and P Q :=0P(j,i). 
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Then it is easy to see that Pq = SI Q o P . Thus, Ex4.(Pq,Pq) = and End A (Pg) = 
EndA(lQo P ) op . Now, Aqo P is the Gabriel quiver of EndA(iQ°p) op , see Theorem 1, and it is 
not hard to see that Aqo P may be identified with Aq (recall that the same happens for 
Auslander-Reiten quivers: A Qop A° Q P ). So End A (I Q o P ) ^ End A (P Q ) op and End A (lQ) op 

have the same Gabriel quiver Aq, but they are usually not isomorphic. 

On the other hand, S induces the canonical anti-automorphism ?* on Lusztig's algebra 
of constructible functions M = U(n) which commutes with the comultiplication, see [29, 
Section 3.4]. This yields by duality an automorphism co of the coordinate ring C[N] which 
anti-commutes with the comultiplication. The corresponding anti-automorphism of iV 
leaves the one-parameter subgroups C — > N, t i— > exp(iej) invariant. 

Note that i* := (/j,(i r ) , fj,(i r -±) , . . . , is a reduced expression for wq which is adapted 

to Q op , see 2.3 for the definition of /x. We leave it to the reader to verify the following: 

PP(j,i) = w(ft( r +i-j,i*)) for 1 < j < r, 

see also 1.6. 

1.8. Triangulated structures. In the appendix (Section 7) we point out that the cat- 
egory of injective A-modules is triangulated. This implies that the category of injective 
A-modules is also triangulated. This fact helps us to explain the unusual symmetries in 
the stable module categories over both categories by results of Freyd and Heller. Among 
other useful formulas we can recover the famous "6-periodicity" for modules over the pre- 
projective algebra. 

2. The universal cover of a preprojective algebra 

2.1. Quiver categories. Let Q = (Qo,Qi,t,h) be a quiver with vertices Qq, arrows Q\ 
and t, h: Q± — ► Qq such that we have a: t(a) — > h(a) for each arrow a G Q\. A path in Q 
is a sequence of arrows a n a n -\ ■ ■ ■ a\ such that t(a,i + i) = h(ai) for i = 1, 2, . . . , n — 1. 

On Z Qo we have the Ringel bilinear form 

(v,w) = v(*)w(i) - Y, v(i(a))w(%)). 

ieQo aeQi 

Let k be a field. Since we need to consider infinite coverings of preprojective algebras we 
have to consider k-categories rather than k-algebras. 

If Q is a quiver we denote by k[Q] = kQ the k-category which has Qq as objects and with 
the morphism space kQ(p, q) having the paths from p to q as a basis. The composition is 
naturally induced from the concatenation of paths. 

2.2. Conventions. If P is a k-category we denote by D-mod the category of finitely 
presented (covariant) k- functors T> — > k-mod. These functors are also called left modules, 
see for example [16, Section 2.2] for more details. 

Let G be a group of k-automorphisms of V which acts from the left on V. Then G 
acts naturally from the right on D-mod. If g G G and M is a left P-module, then we 
write M 9 (— ) := M{g~ 1 —) for the twisted module. For example, if i 6 D we get for the 
projective module T>{x, — ) an isomorphism T> 9 (x, — ) = V(gx, —). 
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2.3. Construction of A. Let Q = (Qo,Qi,t,h) be a (connected) Dynkin quiver, so the 
underlying graph \Q\ is one of the following: 



A„ . : 1 — 2 — 3 — 



D„: 1 — 2 — 3 — 



— (n-2) — (n-1) — n 

(n-1) 

— (n-2) 



n>A 



1 — 2 — 3 — 



— (n-2) — (n-1) 



n=6,7,8 



Define a (possibly trivial) involution \i on the vertices of Q by 

n + 1 — q in case A n , 

2n — 1 — in case D„ and (n odd and g > n — 1), 
6 — g in case Eg and g < 5, 

q otherwise. 



Following [14] let ZQ be the quiver with vertices ZQq = Z x Qo and arrows ZQi = 
Z x {Qi UQ|} where 

t(i, a) = (i + 1, *(a)), a*) = (i, /i(a)), 

h(i,a) = (i,h(a)), h(i,a*) = (i,t(a)). 

We think of Q op as a subquiver of ZQ via the embedding q i-> (0,(/). The quiver ZQ 
admits a translation automorphism r induced by r(i, q) = (i + l,q). Moreover we have a 
"Nakayama permutation" v of ZQ. In order to define it we need the following auxiliary 
function: For any vertex q denote by l(q) the number of arrows pointing towards 1 on the 
unique walk from 1 to q. Now, z> is defined on the vertices by 

' (jp + q - 1 + l(fJ>(q)) ~ l(q), Kl)) in case A n, 

(p + n - 2 + l{n{q)) - l{q),n(q)) in case D n , 

(p + q + 2 + l(fJ-(q)) - l(q), fi(q)) in case E 6 and g < 5, 

{p + 5, n{q)) in case Eg and q = 6, 

(p + 8, /x(g)) in case E7, 

_ {p + 14, ^((7)) in case Eg. 

So, z> is a "translation reflection" stabilizing the "middle line" in case A n and a translation 
in the cases D2A;, E7 and Eg. At the beginning of 6.1 we show as an example part of ZQ 
for a quiver of type D5, together with the action of v. 

We consider the mesh ideal I in the category k[ZQ] which is generated by the elements 



v{p, q) 



(2.1) 



(i, a*) ■ (i, a) — ^ (i, a) ■ (i + 1, a*) for all (i, q) G ZQ . 



aGQi 
t{a)=q 



aGQi 
h(a)=q 



Note that A := k[ZQ]/7 is independent of the orientation of Q (up to relabelling of the 
vertices), and that / is invariant under the quiver automorphisms r and z>. Thus we will 
use the same names for the induced automorphisms of A. Note further that the commuting 
automorphisms r and v of A are determined up to isomorphism by their effect on objects. 
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The action of the group Z via r on A induces self-equivalences ?W of A -mod with 
AfW(-) := M{t- 1 -) for i € Z. Moreover we obtain the covering functor F : A — > A which 
sends («, (?) to g. Associated to F we have the push-down F\ : A -mod — ► A -mod with 

(F x M){q) = ® ieZ M{i,q) 

and the obvious effect on morphisms. 

2.4. Auslander category. We define a function N : Qq — > No by the property 

r JV («)(0,g) = i>(0,M?)). 

This is well-defined by the construction of v since fi is an involution on Qq, see 2.3. The 
function N depends on the orientation of Q in case A n , D2k+i and Eg. In any case we have 
N(q) + N(fjb(q)) = h(Q) — 2, where h(Q) denotes the Coxeter number of \Q\. 

Define now Tq as the full subcategory of A which has the objects of the form (i, q) = 
T J_JV (<j)z>(0, //(g)) with q <G Qq and < i < N(q). In other words, we take the objects which 
lie between the two copies of Q op in ZQ which are obtained via q i-> (0, q) resp. q i-> z>(0, g). 
This is the Auslander category of kQ. Note that Tq depends on the orientation of Q. 

By construction we have a full embedding i = lq: kQ op — > Tq induced by g i— > (0, g). 
Moreover, Tq is canonically equivalent to the category of indecomposable kQ-modules via 
the functor 

(2.2) R Q : Tq ^kQ-ind, x^T q {vl,x), 

where Tq(vi,x) = Tq(—,x) o vl: kQ op — > k-mod is a contravariant functor which we have 
to interpret as a left kQ-module. For example, Rq(0, q) = DkQ(—,q) and Rq(v(0, q)) = 
kQ(q,-). 

Thus the Gabriel quiver of Tq (which is the full subquiver of ZQ with the vertices from 
Tq) is the Auslander-Reiten quiver Aq of kQ. 

Similarly, since we consider left modules, one obtains an equivalence 

T Q -inj kQ op -mod ^ (kQ -mod) op , /h/ow. 

Here, Tq -inj denotes the category of injective left TQ-modules. 

Note that the q € Qq parametrize the indecomposable projective-injective T^-modules, 
namely we have 

DT Q (-,(0,q))^T Q (0(0,q),-). 

Recall, that as an Auslander category Tq has dominant dimension at least 2 [2, VI. 5]. 
This means by duality that each (indecomposable) injective r^-module DTq(—,x) has a 
projective presentation 

Pi, x ^Pq, x ^DT q (-,x)^0 
with Pq^ x and Pi jX also injective. 

3. Start modules 

3.1. Adjoint functors. Let J: Tq — > A be the full embedding of locally bounded cate- 
gories. Since Tq is convex in A we get an exact functor "extension by 0" 

J' : r<2-mod -> A -mod with (J'M)(x) = 

For a r<g-module N and x € Tq we have natural isomorphisms 

TLom rQ (N,DTQ(-,x)) DiV(x) ^ Hom x (J" AT, DA(-, x)). 
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We conclude that J' has a right adjoint J p which is defined by being left exact and 

'df q (-,x) ifxeObj(r Q ), 



J p DA(-,x) 



else. 



The adjunction morphism lm : J' J P M —> M is injective, its co-kernel is co-generated by 
©yeObj(A)\obj(r Q ) M (y)- 

3.2. Lemma. Let x,y G ObjfTg) and i G Z. Then 

ii), u ^ \T Q {T l y,x) i/i > and T l y G Obj(r Q ), 



Kom~ A (J-DT Q (-,x),J-DT%(-,y)) 



efee. 
(0/ 



In the first case we have more generally J P {J' DTq ;(—,y)) — DTQ(—,T l y). 

Note, that J' DT(—, y) is the injective T^-module with socle concentrated in y, but seen 
as A-module, thus we may apply to it the translation functor ?W, see 2.3. 

Proof: The A-module M = J' DTq 1 (— ,y) has simple socle concentrated in the one- 
dimensional space M(T l y). If T l y $ Obj(rQ) then this does not belong to the support 
of J'DFq(— , x). On the other hand, if i < 0, it is sufficient to show that there are no maps 
from an induced projective-injective module to M since Tq has dominant dimension > 2, 
see 2.4. Now, 

= M(z>(0, q)) = Hom x (A>(0, q), -), M) = Hom x (JT Q (i>(0, q), -), M) 

with the first identity holding for i < 0. 

Thus, let i > and r l y G Tq. In this case we have in A -mod an injective presentation 

-> M -» L>A(-,r i x) -> ®jDA(-, yj ) m ^ 

for certain j/j G Obj(A) \ Obj(rg). Our claim follows now from the construction oi J p . □ 

3.3. A graded category. We construct the No-graded category Tq. It has the same 
objects as Tq, but the homogenous components are TQ^{x,y) := TQ{r l x,y) if r*a; G 
Obj(TQ) and Tq^x, — ) = otherwise. The natural composition is given by 



rQ,j(y,z)®T Qii (x,y) -» f Qi i +i (x,z), (V> 



^o(r^) ifT^xGObj(r Q ), 
0, else. 



By construction, each morphism in fg i >i(x, — ) factors through 1 TX G f^i^rx) if ri G 
Obj(TQ), otherwise TQ t >i(x, — ) = 0. Moreover we have 

l T n x O • • • O 1 T 2 X O 1 TS = l T n x G f Q,n(x, T™x) if t"x G Obj^), 

where we consider on the left hand side l T i x G f q ) i(t 1 ~ 1 x, t 1 x). Now, Tq can be described 
easily by a graded quiver Aq . It has the same vertices and degree arrows as the Auslander- 
Reiten quiver Aq of kQ (i.e. the quiver of Tq) moreover there is a degree 1 arrow t x : x — > tx 
for each x G Obj(rg) with tx G Obj(rg). The degree relations are the mesh relations 
for Tq. Moreover, each degree arrow a : x — > y with y not projective gives rise to a degree 
1 relation 

t y a - (ra)t x . 

This has to be interpreted as a zero-relation if x is projective. A nice way to remember 
these relations is the following: For each arrow between to vertices which are not both 
injective there is a (generic) homogeneous length 2 relation in the opposite direction, see 
also 6.2. 
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3.4. Dynkin quivers. Let us collect some basic facts about the representation theory of 
a Dynkin quiver Q. Define i q : = dim DkQ( — ,q) and p q := dim kQ(q, — ) for q G Qo, the 
dimension vectors of the indecomposable injective and projective kQ-modules, respectively 
We have then for < i < N(q) 

(3.1) <&% = dim(r Q DkQ(-,q)) =dim(rj- JV(9) kQ( g ,-)) = ^"^p^, 

where $ denotes the Coxeter transformation and tq the Auslander-Reiten translate in 
kQ-mod. Next, if (— , — ) denotes the Ringel bilinear form of kQ we have 

• ( dim M, dim N) = dim Hom Q (M, N) — dim Ext^ (M, iV) , 

• (v,w) = ($v, $w) = — (w, <frv), 

• (v, i g ) = v(g) thus (v, £ 9eQ() i 9 ) = |v|, where |v| := E q eQ v (?)> 
see for example [31, 2.4]. 



3.4.1. Lemma. LetT l (0,p) = (i,p) and r J z>(0,g) belong to Obj(rg) ; i/ien 



ifi + j<N(p), 

(*" < - J 'p,)(p) */i + j<W(M<z)), 
t/i+j >min{JV(p),iV(//(g))}. 



Note that the three cases are not exclusive, however they cover obviously all possibilities 
for G [0,JV(p)] x [0,JV( M (?))]. 

Proof: In the first case we have 

(3.2) dimT Q (r-^(0,q),r\0,p)) = dhnT Q (u(0,q),r^(0,q)). 

On the other hand, the equivalence Rq from Tq to the category of indecomposable kQ- 
modules commutes with translations 

Rq(t*(0, q)) * r Q DkQ(-, q) for < i < N(q). 

Thus (3.2) is equal to 

dimRom Q (kQ(q,-),T Q +j DkQ(-,p))=dimRom Q (T Q :i kQ(q,-),T Q DkQ(-,p)). 

Our claim follows now from (3.1) since for a finite-dimensional kQ-module M we have that 

Hom Q (kQ(g,-),M) ^ M(g) ^ DRom Q (M, DkQ(-,q)). 

The second case is treated similarly. Finally we have 

r Q (r-^(0, g ), r* (0, p)) - A(r-^(0, ?), r* (0,p)) - A(z>(0, <?), r^'-^^O, p(p))). 

The last term vanishes obviously for i + j > N(p). A similar argument shows that 
T Q (T-iv(0,q),T l (0,p)) =0 for i + j > N(ji(q)). ' □ 

3.4.2. Lemma. If N(p) - N(q) > j > holds for some p,q G Q ; ^en ($■%, i g ) = 0. 

Proof: Since DkQ(— , g) is injective we have 

(&i p ,i q ) = dimRom Q (T Q DkQ(-,p),DkQ(-,q)) = dim A(^'(0,p), (0, <?)). 

On the other hand for N(p) — j > iV(g) there is no path from r J (0,p) = (iV(p) — j,n(p)) 
to (0, g) in ZQ. □ 
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3.5. Proposition. With the notation of 1.2 and 3.4 we have 

N(q) 

(3.3) (dimI Q )(/^)) = £ £ (i + l)(*%)(p) 

<?eQo *=o 

/or p € Qo, a^d 

EE(r» +2 )-cr))'^ 

<zeQ i=o v v 7 v 77 

Proof: For (3.3) we observe first that 

JV(g) 

^F x J-DF Q (-,ij,q))(ji(p)) = Y,(*%)(p) 

for (j, g) G Obj(rg) by 3.4.1 and the definition of the push-down F\. Now (3.3) follows 
from the definition of Iq . 

For (3.4) we observe first that 

JV(A»(5)) 

\dhnF x JT Q (r^t>(0,q),-)\ = \<P' k p q \ 

k=j 

for T^^uifd^q) G Obj(rg) again by 3.4.1 and the definition of the push-down. Now, by 
construction of £ we have 

dim£=^ Yl EI^^JT q (t-^(0, <?),-)| 
<?eQo *=0 i=0 

N( M (q)) i N(n(q)) 

= E E E E i*- fc p«i 

q&Qo *=o i=o fe=i 

AT( 9 ) i N(q)-j N(q)N(q)+l 

= E E E E i*M = E E E ii^i- 

qeQo i=0 j=0 fc=i 9GQo »=0 j'=i 

□ 

3.6. Proposition. Let Q be a Dynkin quiver. Then for v = EJ ?e g Q EJ^^(z + l)<J>*i 9 ZioWs 

JV(p) 

'A ^ 

Proof: For convenience let us write N(p,q) := {0,1, ... ,N(p)} x {0, 1, . . . , N(q)} and 
N(p,q,>) := {(i,j) e N(p,q) \ i>j}, similarly N(p,q,<) := N(p, q) \ N(p, q,>). Now 
we have 

< v > v >= E E + + !)<*%, ^i,) 

p,geQo (i,j)€N(p,q) 

= E E + + !)<*%, S'ig) 

p,q£Qo (i,j)eN(p,q,>) 

E E (^ + i)(j + i)(^^ i+1 i P ) 

P,?eQo (i,j)£N(p,q,<) 
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= E E 

p,geQo (i,j)eN(p,q,>) 

N(p) 

"E E (^ + l)(^) + l)(^i P ,^ )+1 i 9 ) 

p,q€Q i=N(q)+l 

here, the second sum vanishes by Lemma 3.4.2, thus from 3.4 

= E E 

p,q&Qo (i,j)eN(p,q,>) 

N(p) /min{N(p),N(q)+d} \ 

= E E E <* d ip,i 9 > 

p,q&Qo d=0 \ k=d J 

N(p) N(p) 

= E EE^+^Ey 

JV(p) JV(p) 
" E E E (fc + lX^W- 

p,qeQo d=0 k=N(p)+d 

Here again, the second sum vanishes by Lemma 3.4.2. Finally, (& d i p , YlqeQo = I^^pI 
as observed at the beginning of 3.4, so our claim follows. □ 



3.7. Proof of Theorem 1. The first claim follows directly from the construction of f q, 
Lemma 3.2 and the fact that 

Rom A (F x N,F x N) * ® i& Hom x (iV, N®). 

For the second claim we have to show by [8, Lemma 1] that ( dim Iq, dim Iq) = dim£. 
This follows from the dimension formulas (3.3) and (3.4) of Proposition 3.5 together with 
Proposition 3.6. 



4. The cluster algebras C[G e ' w °] and C[N] 

In the next two sections we will use the setup from 1.4 and 1.5. We will need the 
following result, see for instance [24, Section 4.4.3] 

4.1. Lemma. Let i = (ii,i2, ■ ■ ■ ,im) be a reduced expression for some element w^ 1 € W , 
and L(X) an irreducible representation of highest weight X for G. If u\ is a highest weight 
vector for L(X) then we have 

wu x = • • • fWf}*\u x ) and f lm (wu x ) = 0. 

Here h := X(h n ), b k := (s^ ■ ■ ■ s i2 s h (X))(h ik ) for 2 < k < m and f% k) := ^ € U(q). 

For v G L(X), we write f™ 3 *^) : = (l/m!)/j ra (i>) where m = m&x{p \ fj{v) / 0}. With 
this notation we could restate the equality of the lemma as 

wu x -f im ■■■f i2 f, n (u x ). 
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4.2. The group G has Bruhat decompositions with respect to B and namely 

G= |J BUS = J B-vB-. 

The intersection of two cells G u ' v = (BuB) n (B_vB_) is called a double Bruhat cell. 

In particular taking u = e, the unit in VF, and i> = u>o we obtain G e,w ° = BCi(B-WoB-), 
the intersection of -B with the big cell relative to B . By [4, Proposition 2.8], G e ' w ° consists 
of all elements x of B such that A w . jWQ r w .\(x) ^ for every i. This is a Zariski open subset 
of B, hence an algebraic variety of dimension n + r, where r = |H| is the number of positive 
roots associated to the Dynkin type of G. Moreover, we see that the algebra of regular 
functions C[G e ' w °] is obtained from C[B] by adjoining formal inverses to the functions 

On the other hand, N can be described as the subvariety of B given by the equations 

& Wi , Wi {x) = 1, (1 < i < n). 
Hence the algebra C[N] is the quotient of C[B] by the ideal generated by the elements 

{A- C j i: - UUi l)j=l,2,...,n- 

4.3. In [12], Fomin and Zelevinsky have introduced a transcendence basis F(i) of the field 
of rational functions C(G e,w °) consisting of certain generalized minors. In [4] Berenstein, 
Fomin and Zelevinsky have shown that each F(i) can be taken as the initial cluster for a 
natural upper cluster algebra structure on the ring C[G e ' W0 ]. We are now going to recall 
their construction. 



4.3.1. We add n additional letters z_ n , . . . , i-\ at the beginning of i, where i-j = —j, and 
obtain an (r + n)-tuple 

(i—ni 1) *lj • • • > *r) = ( — fl, . . . , 1, ii, . . . , ir)- 

For k G [-n, -1] U [l,r] let 

^+ I r + 1 if \ii | 7^ \ik\ for all I > k, 

| min{Z | I > k and \ii \ = \ik\} otherwise. 

Then k is called i- exchangeable if k and k + are in [l,r]. Let e(i) C [l,r] be the set of i- 
exchangeable elements. One easily checks that e(i) contains r — n elements. More precisely, 
the set of indices ik for k G [l,r] — e(i) is exactly [l,n]. 

4.3.2. Next, one defines a quiver with set of vertices [— n, —1] U Assume that /c 
and Z are vertices such that the following hold: 

• k <l; 

• {M}ne(i) ^0. 

There is an arrow A; — > / in if and only if Ar + = Z, and there is an arrow Z — > k if and 
only if Z < /c + < Z + and a|i fc |,|i,| = — 1- Here, {o>ij)i<i,j<n denotes the Cartan matrix of the 
root system of G. By definition these are all the arrows of A^. 

4.3.3. Remark. If i is a reduced expression for wq which is adapted to a Dynkin quiver 
Q, then it is easy to obtain A\ from the Auslander-Reiten quiver Aq. See the examples 
in 6.5 and 6.6. 
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4.3.4. Now define an (r + n) x (r — n)-matrix 

B{\) = (6«) 

as follows. The columns of B{\) are indexed by the elements in e(i), and the rows by 
[-n, -1] U [l,r]. Set 



hi = < 



1 if there is an arrow — > I in A{, 
— 1 if there is an arrow I — > A; in Ai, 
otherwise. 



4.3.5. For fc G [— n, — 1] U [l,r] one defines a generalized minor A(fc, i) as follows. For 
k £ [l,r] set v>fc = Si T .Sj r _ 1 • • • and for k £ [— n, —1] put t>>fc = wo- Then define 

A(fc,i) = A W| . fc|jt)>fc(w| . fc|) . 

Since Sj(wi) = wi for j / i, it is easy to see that if k G [l,r] is not exchangeable then 
A(k,i) = A roifcjroifc . On the other hand for -i £ [-n, -1] we have A(-i,i) = A ro . )tt)o(ro .). 

It is known [12, Theorem 1.12] that this collection of n + r minors is a transcendence 
basis of the field C(G e ' w °), for any reduced expression i of wq. By 4.2, we see that if we 
remove from this collection the n minors A roiiOTi we obtain a transcendence basis of the 
field C(N). 



4.3.6. Let T be the field of rational functions over C in n + r independent variables 
x = (x- n , . . . , x-i,xi, . . . , x r ). Let A(i)c denote the upper cluster algebra associated to 
the seed (x, -B(i)), a subalgebra of T (see [4, Definition 1.6]). Here the non-exchangeable 
indices in [— n, —1] U [l,r] label the generators of the coefficient group (see [4, §2.2]). 

Berenstein, Fomin and Zelevinsky then show that the isomorphism of fields ipi from T 
to C(G e ' W0 ) defined by 

ipi(x k ) = A(k, i), (k£ [-n, -1] U [1, r]), 

restricts to an algebra isomorphism ^4(i)c C[G e ' w °], see [4, Theorem 2.10]. 

Note that by varying the reduced expression i we obtain a priori several cluster algebra 
structures on C[G e,w °], but according to [4, Remark 2.14] all these structures coincide and 
give rise to the same cluster variables and clusters. Note also that in type A n , the upper 
cluster algebra »4(i)c coincides with the cluster algebra A(i)c, see [4, Remark 2.18]. 



4.4. Let x' be the subset of x obtained by removing the variables indexed by the n non- 
exchangeable elements in [l,r]. Let T' be the field of rational functions over C in the 
r variables of x'. Finally, let -B(i)' be the matrix obtained from B(i) by removing the 
rows labelled by the n non-exchangeable elements in and let «4(i)c denote the upper 

cluster algebra associated to the seed (x', B(i)'), a subalgebra of J 7 '. By 4.2, we see that 
the isomorphism of fields ip[ : T' — > C(N) defined by 

(p'i(x k ) = A(k,i), (xfeGx'), 

restricts to an algebra isomorphism A(i)' c — > C[iV]. 

Clearly the same remarks as in 4.3.6 apply to the cluster algebra structures of C[iV]. 
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A(fc,i) = 



4.5. We shall now describe in representation theoretic terms the restriction to N of the 
regular function A(k,i). Let L(wi) be the fundamental irreducible g-module with highest 
weight Wi. Fix a highest weight vector u m . 

It is well-known that L(wi) can be realized in a canonical way as a subspace of the 
vector space C[N] by restricting the summand L{wi) of C[A_\G] to C[N]. Thus, the 
highest weight vector u UJi becomes identified with the constant regular function 1. Using 
this identification we obtain the following lemma: 

4.5.1. Lemma. For k £ [— n, —1] U [l,r] we have 

' 7rX^"0"«0 i/fc€[l,r], 

In particular for —k G [— n, — 1], i/te minor A(—k, i) = A rofe W0 ( rofe ) is a lowest weight vector 
of L(w k ). 

Proof: This follows from [5, p. 150-151] and 4.1 by restricting regular functions on G to 
the subgroup N, see also [6, p. 113]. □ 

5. Cluster variables and semicanonical basis 

5.1. Let Q be a Dynkin quiver such that \Q\ is the diagram of G. In this section we prove 
that if i is a reduced expression for wo which is adapted to Q, the minors A(k,i) £ C[N] 
coincide with certain dual semicanonical basis vectors coming from the injective modules 
of the Auslander algebra of CQ. In particular, this shows that the set of minors {A(k, i)} 
depends only on Q, not on the choice of a particular expression i adapted to Q. 

5.2. Recall that by pushing down the injective modules of the Auslander algebra of CQ 
we obtain a set of indecomposable rigid modules I(j, i) over the preprojective algebra A, 
see 1.2 and 1.3. Since these modules are rigid, they have an open orbit in their module 
variety, and the closure of this orbit is an irreducible component. Therefore the module 

i) can be used to label an element P\(j^) of the dual semicanonical basis (see [29], [19, 
Section 7.2]). 

5.3. The proof of Theorem 2 will make use of certain results of [18] that we shall now 
recall. Let Ii denote the injective envelope of the simple A-module Si with dimension vector 
ej, thus Ii = DA(— In [18] the fundamental g-module L(zui) was realized in terms of 
the lattice of submodules of /«. This goes as follows. 

Let M denote Lusztig's algebra of constructible functions on the varieties of finite- 
dimensional A-modules, and let Ad* be its graded Hopf dual, an algebra isomorphic to 
C[7V]. For a finite-dimensional A-module A, let 6x denote the linear form on A4 obtained 
by evaluation at A. Then in the identification C[N] = A4* , the subspace L(wi) gets 
identified to the subspace of M* spanned by the linear forms 5x where X runs over the 
lattice of submodules of ij, and one has explicit formulas for the action of the Chevalley 
generators of g on each vector 5x [18, Theorem 3]. In particular 5^ = pi i is a lowest weight 
vector of L(v&i), and <5o, where means the zero submodule of Jj, is a highest weight vector. 

Let A be a submodule of Ii. We have a short exact sequence of A-modules 

O^A^/i-^Y^O, 

where Y is determined up to isomorphism by the isomorphism class of A, see [18, Lemma 
1]. For j G [i-,n] let rrij denote the multiplicity of Sj in the socle of Y, and let Xj be the 
unique submodule of Ii such that A C Xj C Ii and Xj/X is isomorphic to Sj 3 . Thus 
Xj is the pullback of p and the inclusion of g® mj into Y. 
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5.4. Lemma. With the above notation, we have fj na " x (d~x) = f^^i^x) = 5x r 



Proof: By [18, Theorem 3 (ii)], we have that 

f}Vx) = f 



$X(k) 



'f=(A=A(l)c-CA(fc)) 

where the integral is over the variety of flags f of submodules of Ii such that X(s)/X(s — 1) 
is isomorphic to Sj for all 1 < s < k. For k > rrij this variety is empty by definition of nij, 
hence fj(Sx) = 0. For k = mj, all flags f have their last step equal to Xj. Moreover since 

Xj/X = Sj 3 this variety is isomorphic to the variety of complete flags in C mj , whose 
Euler characteristic is mjl. Hence f™ 1 (8x) = mjlSxj, as claimed. □ 

5.5. Lemma. Let k £ [— n, — 1] U e(i) and j = 9~ 1 (k). Then, if i = the module i) 
is a submodule of Ii and in L{wi) there holds 



CCi'-CW ifk€[-n,-l]. 



Proof: Recall that we defined the function 9 in 1.5. If k = — i £ [— n, —1], then I(J, i) = /j. 
On the other hand in this case the product /™ ax /™^ ■ ■ ■ /™ ax maps So to the lowest weight 
vector of L(wi), that is, to Si i , as required. 

If k G e(i), then Rq(x(j)) belongs to the r-orbit of Rq(x(/c)) by definition of 0, therefore 
to the r-orbit of D\Q{— ,i) see 1.3. It follows that i) is a submodule of Ii, see 1.2. 

More precisely, j = 9~ l (k) = min{Z 6 [k + 1, r] j %i = i}. We conclude that in L(wi) 
holds ff^ ■ ■ ■ f™ x (S ) = S by 5.4, since the socle of h is 

Now consider for Z € [j — 1, r] the A-submodule I x u\{< I, i) of DA(— , with 



4(j)(< Z,i)(x(m)) := 



DA(:r(m), if m < I, 

else. 



With I x (j)(< := F\I X ^ we see that I x (j){< r, i) = I(j, i) is a submodule of Ij since 

F A £>A(- s(j)) =/,. 

Using Lemma 5.4 we conclude that in L(zui) we have 

^ iax ( 5 4o)(</-i,i)) = ^ -)(<*,i) for 1 G M. 

This yields that #i(j,i) is the extremal vector of L(zui) with weight Sj r Sj r _ 1 • • • Si k+1 (zui), and 
the lemma follows. □ 

We can now finish the proof of Theorem 2. Using Lemma 4.5.1 and Lemma 5.5 we obtain 
that A(k, i) = Sj^^y But since I(j, i) is rigid, its orbit is open and we have ^(^i) = Pi(j,i)- 

6. Examples 

Our running example will be the Dynkin quiver Q of type D5 with the following orien- 
tation: 

1^-2 

/ 

j 

5 
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6.1. Tq for D5. We show the quiver Aq of Tq: 



i>(0,l) (2,1) 
X 

i>(0,2) 

^ X 



0(0,3) 

£(0,5) \ (3,4) 



(2,3) 



(1,1) (0,1) 

X X X S X 

(2,2) (1,2) (0,2) 

X X X X ^ 

(1,3) (0,3) 

X S/ \X ^ X 

(2,4) / \ (1,4) / (0,4) 



9(0,4) 



(1,5) 



(0,5) 



The isomorphism classes of the indecomposable representations of Q correspond to the 
vertices of Aq. Each such representation is uniquely determined by its dimension vector: 



10 01 00 11 

00 10 11 00 

01 00 

\ / \ / \ / \ 
11 01 11 01 

10 21 11 00 

1100 

\ / \ / \ / 




1 1 

2 1 
1 



1 2 

2 1 
1 



1 

1 1 




00 / 


\ 11 / 


\ 01 


1 / 


\ 11 / 


\ 10 


/ 


\ 1 / 


\ 





1 1 


1 


1 1 


1 


1 1 


1 





1 




1 




The dimension vector of the injective T^-module DTq(— , (0, q)) is given by the g-compo- 
nents of the corresponding dimension vectors. The dimension vector of DTq( — , r J (0, q)) is 
obtained from this by "translation and cut-off". Here we show for example dim DTq(— , (0, 3)) 
and dimL>r Q (-,r(0,3)): 



0110 

\ / \ / \ / \ 
1210 

/ \ / \ / \ / 



1100 

\ / \ / \ / \ 
2100 

X \ X X / \ X 

x x /f x y \ ) 



6.2. The category f q. We display here the quiver of the (graded) category f q associated 
to a quiver of type D5 with the same orientation as above. The arrows of degree one are 
dotted. 

(3,1) •< (2,1) •< (1,1) •< (0,1) 

X S X X X S X 

(3,2) •< (2,2) •< (1,2) •< (0,2) 

S X S X ^ X X 

(3,3) ■< (2,3) ■< (1,3) •< (0,3) 

^X S/ \\ X^ \\ X^ X 

(4,4) •< V (3,4) \ (2,4) \- (1,4) (0,4) 



(2,5) 



(1,5) <■■ 



(0,5) 



Recall that also the relations are easy to read off: For each arrow a: x ^ y we have the 
corresponding mesh relation (2.1) from y to x if a is of degree 1. Otherwise, if x is not 
an "injective" vertex, (i.e. here if x {(0, 1), (0, 3), (0, 5)}) there are one or two paths of 
length 2 (and degree 1) from y to x. The first case occurs when y is a "projective" vertex 
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(i.e. here if y G {(3, 2), (3, 3), (2, 5)}) and the unique path of length 2 from y to x is a 
zero-relation, otherwise the two paths form a commutativity relation. 

6.3. A project ive-injective f^-module. We display for Tq as in 6.2 the projective 
module Fq((0, 5),— ). Since (0,5) is an injective vertex of Aq we have rg((0,5),— ) = 
DT q(— , (0, /u(5)). Moreover, the projective modules tq((j } 5),— ) for < j < 2 are easily 
found as submodules of Tq((0, 5), — ). 

Each entry (n, q) represents a basis vector which corresponds to a (graded) simple com- 
position factor of this type. The arrows indicate as usual the action of Tq. 



(0,2) 



(0,3) 



(0,4) 



(0,5)- 



(o,i)- 



-" (1,2) .■ - (0,2) 

/V>7' >k' /*7 

.(1,3) " (0.3) . 

>x //--V / 

;■■ .(1,4) / 
(1,8,)-' / .// / / 

/ '''•'/ / 
// / X / 

.//' (2,2) / / (1,2) 

(2,3) / (1,3) (0,3) 

X its* \ / X 

(2,4) \ / (0,4) 



(2,5) 



(0,5) 



6.4. Dimensions. We include the result of some calculations of 

d{Q) :=dimEnd A (lQ) 

for specific orientations. This can be done quite easily on a computer using the for- 
mula (3.4). 



1^2- 



(n— 1) -s- n 

(n-1) 

(n-2) 



\ 

/ 

n (n-1) -s- •■■ -^5 



d(#n) = < 



2444 if n = 6, 
13130 ifn = 7, 
107114 ifn = 8. 
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6.5. An adapted ordering on Obj(rg): 



x(18) 

a;(19) 



o:(13) 


*(8) 


*(3) 


X S X X 






x(17) x(12) 


x(7) 




X X X X 


S X 




a;(14) 


x(9) 


0,(4) 


x \\ s> 


< \X S7 




\ x(16) / \ x(ll) / 


\ x(6) / 




a;(15) x(10) 


x(5) 





21(2) 



According to 1.3 we obtain for wo the following reduced expression which is adapted to Q: 
i = (4, 2, 1, 3, 5, 4, 2, 1, 3, 5, 4, 2, 1, 3, 5, 4, 2, 3, 4, 1) 

6.6. The quiver A\. For the adapted expression i from 6.5 we obtain 

20 t 13 -< 8 -< 3 -< 1 



/ x / \ / \ s 

17 -t 12 -< 7 -< 2 2 




15 ■< 10 -< 5 ■< 5 



The exchangeable vertices are {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 16} 

7. Appendix: Using the triangulated structure 

7.1. Proposition (Freyd/Heller). Let V be a triangulated k-category with suspension func- 
tor S. 

(a) The category D-mod is a Frobenius category. Thus the stable category D- mod is 
triangulated with suspension functor f^ 1 , the inverse of Heller's loop functor. 

(b) In D- mod we have a functorial isomorphism M s = $7|,M. 

Part (a) is from [13, Section 3], see also [30, Chapter 5] for a modern treatment. Part 
(b) is a special case of [22, §16], see also [26, Proposition B.2]. 

7.2. Remarks, (a) We may consider P as a P-D-bimodule, i.e. a functor V° v x V — > 
k-mod. Similarly, DV with DV(a,b) := Homk(D(6, a), k) is a P-P-bimodule. 

(b) Suppose that V admits Auslander-Reiten triangles with translate r : V — > V. In this 
case we set v := Sr. Then the Auslander-Reiten formula V(x, Sy) = Homfc(2?(y, tx), k) 
may be interpreted as an isomorphism of bimodules 

(7.1) DV P^ 1 where Z?^ 1 (a, 6) := D(a, vb). 
We conclude that 

AAM := DV® V M^ V v ^ ®v M = M u ^ 

is a Nakayama functor for D-mod and v~ l the corresponding Nakayama automorphism 
for T>, see for example [14, Section 2]. In this situation we will write 

AfW := M T \ 

(c) If moreover P is locally bounded, then P- mod admits Auslander-Reiten triangles 
with translation rp = Q^N. With Proposition 7.1 we obtain the functorial isomorphisms 

(7.2) M { ~V t v £I v M and r~ 3 M ^ M Sr3 (in D-mod). 
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In fact, we have t v VL d ^ n 3 N =r~' and t v 3 = fl%M 3 ^ 7 s " 2 " 3 a*?** 3 . ^ If 

we consider in this context right modules (i.e. contravariant functors), we get in mod-D a 
functorial isomorphism M s = VL^M and consequently 

M (1) r v n v M and t%M M Sr3 (in mod-P). 

7.3. Derived categories. It follows from Happel's description [21, 1.5.6] of the derived 
category V b (kQ op ) := V b (kQ op -mod) that we have a natural equivalence 

A-inj ^V b (kQ op ). 

In particular, A-inj is a triangulated category which admits Auslander-Reiten triangles. 
The suspension functor resp. the Auslander-Reiten translate are 



S/ = / pT resp. tI = I T \ 



see 2.2. In our situation, these functors are up to isomorphism determined by their effect 
on objects. We conclude that we have an isomorphism of bimodules 

(7.3) A° ^ DA, 
see 7.2 (b). 

In order to state our next result we introduce T_q, the full subcategory of the Auslander 
category Tq which contains all objects except those of the form z>(0, q) for q € Qq. We call 
T_q the stable Auslander category of kQ. 

7.4. Proposition. The category A is isomorphic to the repetitive category T_q of the stable 
Auslander category ofkQ. 

Proof: Recall that by definition the objects of Tq are of the form (z, x) with z <G Z and 
x 6 ObjQ^) and we have 

T Q (x,x') if z = z', 
T q ((z,x),(z',x')) = I DT Q ( x ,x') ifz = z'-l, 
else. 

v 

Here we define the dual r_g-rg-bimodule DTq by DT_q(x,y) := Homi c (r_Q(y, x), k), com- 
pare 7.2 (a). Now, by the bimodule isomorphism (7.3) we see that the assignation 

(z,(i,q))^T l v- z (0,q) 

induces an isomorphism T_q —> A. □ 

7.5. Conclusions, (a) In our situation we note that in V b (kQ) = V b (kQ op ) we have an 
isomorphism of functors 

(7.4) S 2 = T~ h ^ 

where h(Q) is the Coxeter number of \Q\. In fact, both functors coincide on objects as 
one easily verifies in A. In our quiver situation this is sufficient. From (7.2) we obtain 
immediately the remarkable functorial isomorphism 

(7.5) r| M {h{Q ^ 

in A- mod = V b (kQ)-mod. 

(b) The action of the infinite cyclic group (r) on A provides us with a Galois covering 
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see for example [15]. We conclude that A-inj is the orbit category of A-inj modulo the 
induced action of (r). Now, A-inj = V b (kQ) is a triangulated category, and the hypothesis 
of [25] are obviously fulfilled. Thus A-inj is also a triangulated category with Auslander- 
Reiten triangles and the corresponding translation r is the identity. Note moreover that 
the induced suspension is isomorphic to the corresponding Nakayama automorphism, i.e. 
S = v. By applying (7.2) to V = (A-inj) op we conclude that 

t%M ^ M D and t\M = M 

holds functorially in A- mod . In case v is just a translation, see 2.3, we even have t\M = M. 
This is our interpretation of the proof for the 6-periodicity of t\ in [1] . Even more directly 
by (7.2) we conclude that 

r A A M ^ M 

functorially. This means that the triangulated category A- mod is of Calabi-Yau dimen- 
sion 2. 

(c) Since A = Tq we have by Happel's Theorem [21, II. 4] A- mod = T> b (T_q -mod) as 
triangulated categories. If we consider the push-down functor 

-Fa : A- mod — » A- mod 

associated to the Galois covering F: A — > A the subcategory of A- modules of the first kind 
(i.e. the subcategory of objects which are isomorphic to a push-down) is equivalent to the 
orbit category V b {T_Q -mod)/(rS _1 ) via the above identifications and (7.2), see [11]. Here, 
£ resp. r are the suspension resp. the Auslander-Reiten translation in T) b (T_q -vaod) . 

Now, for a Dynkin quiver Q with Coxeter number h(Q) < 6 the algebras T_q are (quasi-) 
tilted. Thus, in these cases we find A- mod = T> b '(Tq) / '(St -1 ) is a cluster category in the 
sense of [7]. 

7.6. Remark. Let H be a (basic, connected) finite-dimensional hereditary k-algebra of 
finite representation type. Then H is a species of type A - G in the sense of Dlab and 
Ringel, see [9]. In this case we may also study the stable Auslander category T H . The 
same argument as in 7.3 and 7.4 shows that T^-inj = V b (H° P ). The Auslander-Reiten 
translate in V b (H° P ) induces an automorphism r of F H . Thus we may consider the Galois 
covering T H — ► T h /(t). So we are tempted to consider T h /(t) as the preprojective 
algebra of H. However, r is now in general not determined by its effect on objects since 
Outk(-ff) = Autfc(ii")/Inn(ii") is possibly non-trivial. Thus we are (for the moment) unable 
to compare T h /{t) with the possible choices for the preprojective algebra of H in the sense 
of Dlab and Ringel [10]. 

Anyway, if we denote by \H\ the (unoriented) diagram of H then we find the list which 
we present in Figure 1 of interest due to its similarity with the cluster types of C [N] . In the 
case of Coxeter number c(\H\) = 6 we display the diagram of a canonical tubular algebra 
following Lenzing [27] and the corresponding extended affine root system in the sense of 
Saito [32]. In the case of G2 there are two different diagrams of canonical algebras which 
produce derived equivalent algebras (for adequate choices of bimodules), the corresponding 
two root systems are isomorphic up to the marking. Note moreover, that in this case our 
previous calculations (7.5) predict that in the stable module category of the repetitive 
algebra r^- mod the Auslander-Reiten translate should be 6-periodic. This is in fact the 
case for all (tubular) algebras which are derived equivalent to a canonical algebra with a 
diagram from our list. 
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